Abstract{ The nonlinear motion of underactuated mechanisms has drawn recent interests of researchers. Underactuated mechanical systems are often subject to so-called nonholonomic constraints which are related to many both theoretical and practical issues. In this paper, we rst analyze the nonlinear behavior of a twojoint planar manipulator with the second joint free, from nonlinear dynamics point of view. We then discuss the simultaneous positioning of both joints. We use a time-periodic input and propose an amplitude modulation of the feedback error. The analysis via the Poincar e map shows that the behavior becomes chaotic with large amplitude. The eectiveness of the proposed positioning control are veried by experiments.
only allows us to control them with higher speed or better accuracy, but also empowers us to create new robotic mechanisms that have certain advantages.
Constraints of motion are sometimes due to dynamics of mechanisms. Underactuated mechanisms have generalized coordinates that are not actuated. This is a source of dynamic constraints. Nakamura [18] studied the integrability of such constraints. Oriolo and Nakamura [19] [20] claried that the dynamical constraints of a manipulator with free joints are generally nonintegrable and, therefore, second-order nonholonomic.
On control of a manipulator with free joints, Arai and Tachi [21] studied a path control of a manipulator with electromagnetic brakes at free joints. Nakamura and Iwamoto [22] discussed a space multi-link system with free joints and its shape control. Seto and Baillieul [23] discussed a control theory of superarticulated mechanical systems, which had an equilibrium stabilizable by the feedback linearization approach. Wichlund, Srdalen and Egeland [24] discussed the integrability and stabilizability of a class of underactuated dynamical systems. Nakamura et al. [25] [26] [27] proposed control methods of a 2R freejoint manipulator. Recently, Arai [28] proved the controllability of a 3-link manipulator with a free joint and two actuated joints. De Luca, Mattone and Oriolo [29] discussed control properties of a class of underactuated mechanisms. The latter two works are on 3R or 2P1R manipulators with two actuators.
In this paper, we investigate the nonlinear behavior of a free-joint manipulator. We choose a simple planar 2R manipulator with the second joint free so that we can get mathematical insights of the nonlinearity. The analysis of nonlinear dynamical behavior and the simultaneous positioning of both joints are the main focus of this paper. Although the results derived in this paper are tied with the particular mechanism, the approaches and tools of analysis we develop in this paper will be a part the basis of further research of free-joint manipulators with higher complexity. When there is no external force, namely, = 0, we have two obvious conserved quantities. One is the generalized momentum of the 1st joint, and the other is the Hamiltonian that is equivalent to the total energy. Namely, with J 1 (0) = J 10 Hence, the possible reachable space in the fourdimensional state space is a two dimensional manifold or less. Since Eq.(1) does not include 1 , the possible reachable space is invariant for 1 . Figure 2 shows the sections perpendicular to 1 The behaviors of systems with strong nonlinearity are drawing much attention in various research elds. Chaos is one such behavior. It is known [31] that, for continuous systems, chaos is observed in a 3 dimensional manifold or higher. The two conserved quantities of Eq.(6) reduce the dimension to two, and provide an ordered behavior as in Fig.2 .
iii.
Chaos with Periodic Inputs
When the system is subject to time-periodic input of = cos !t, the dynamics is represented by 
which implies a new conservation. Since we neither have the energy conservation, the dimension of the manifold on which the system evolves is four. Chaos is characterized by two fundamental natures, namely, the sensitive dependence on initial conditions (SDIC) and the topological transitivity. We provide their brief denitions in appendix A. The Poincar e map is an intersection of trajectories in the whole phase space with a certain hyper-plane. It reduces the dimension and helps to understand the system's behavior. Let x(t) def = (J 1 (t); J 2 (t); 1 (t); 2 (t)) be a trajectory of Eq.(7) and 6 0 be the intersection in the phase space: 
The xed points of P 0 imply the periodic trajectories with the period 2=!, and the k-period points of P 0 imply the periodic trajectories that pass k times through 6 0 before returning the initial state. Figures 4 through 6 show the Poincar e maps being cut at = 0 and projected onto the 2 -H plane. Note that we use the 2 -H plane rather than the 2 -J 2 plane, since the two are equivalent and the former provides better physical insights for our current problems. The behaviors in the 2 -J 2 plane also show similarity. The initial conditions and the parameters of input are chosen as Only was set at a dierent value and ! = 2 was applied for each gure. Various initial values of J 2 were chosen and their trajectories were plotted in the gures.
The conserved motion of the system with zero input torque would be represented by a horizontal straight line in the H-2 plane, which means rotation of 2 . When we have a small input-amplitude, the motion is perturbed and shows a dierence. In the Poincar e map, the frequency of the rotation of 2 originated from the The gures illustrate that as amplitude becomes larger, the heteroclinic trajectories connecting the saddle points in Fig.4 start collapsed as seen in Fig.5 . When the amplitude grows further in Fig.6 , the system shows complete topological transitivity. These results conclude that the free-joint 2R manipulator driven by a time-periodic input follows a cyclic trajectory in the 2 -H plane when the amplitude is small, while it behaves chaotic with the large amplitudes. It is noteworthy that the behavior of such a simple deterministic mechanical system varies from cyclic one to chaotic one in response to the growth of input-amplitude. In the sections that follows, we propose to design a controller based on the cyclic behavior for smaller inputamplitude. Although use of chaotic behavior remains in the scope of future research, it would be signicant to establish control for rapid and gross motions.
III. Nonlinear Control i. Control with Periodic Inputs
Oriolo and Nakamura [19] concluded that smooth feedback stabilization to a single equilibrium point is not possible, and derived a control law for the asymptotic stabilization to equilibrium manifold as
In this section, we discuss positioning of both joints of the free-joint manipulator, and establish a control law that enables to go from an arbitrary initial point to an arbitrary single equilibrium point. The control law uses time-periodic inputs with amplitude modulation and means neither feedback control nor stabilization in the strict sense. The basic strategy of positioning is (1) In what follows, we mainly focus ourselves on control to meet the second subgoal. The input torque of the rst joint is determined such that the acceleration of the joint is time-periodic, namely, 1 = cos !t, which guarantees that ( _ 1 ; 1 ) always returns to (0; 1d ) after each cycle. We can represent the dynamics of the system with the input as follows: We now investigate the nonlinear behavior of Eq.(13) by using the Poincar e map as in subsection III.iii. With large amplitudes of the input, it is observed in Fig.7 that the dynamics shows chaotic behavior similar to what we saw in subsection III.iii. On the other hand, with rather small amplitudes of , namely, of ", the system shows well-ordered behavior as seen in the Poincar e map of Fig.8 , where the trajectories have their initial values at various values of 2 and ( _ 2 ; ; !) = (0; 6; 4). From the gure, the Poincar e maps of the system with a small amplitude follow an ellipse-like closed curve in the phase plane. The ellipse-like curve denotes a trajectory of the Poincar e maps. It was also observed that increasing the amplitude tends to stretch the elliptic trajectories in the direction of _ 2 as seen in Fig.9 with = 8.
ii.
Feedback Control to an Elliptic Trajectory
In this subsection, we design a feedback control law to an elliptic trajectory that passes through ( _ 2 ; 2 ) = (0; 2d ). We approximate the trajectory by an ellipse: 
where r d = j 2d 0pj denotes a half-length of the principal axis in 2 direction and (0; p) denotes the center of ellipse. The implies the ratio of the principal axis in the direction of _ 2 to that in the direction of 2 . The and p depend on the amplitude of time-periodic input. We determined and p from simulation results for a standard amplitude, 0 .
We now propose to take as an input variable and change it at the beginning of every periodic cycle depending upon the distance from the ellipse. This can be considered the amplitude modulation of feedback error. The modulation is according to the following law: (15) and (16) chooses another narrower or wider ellipse that will intersect with the desired ellipse afterward. This feedback law was designed on the basis of the observation at the end of III.i. This heuristic design of feedback law will be shown to make the elliptic trajectory as an attractor of ( _ 2 ; 2 ) by simulations and experiments later in this paper.
Stability analysis and the possibility of generalization are major theoretical subjects of the proposed heuristic feedback law. Since it involves discretization to get the Poincar e map and approximation to represent an ellipse, a rigorous analysis of stability is not straightforward. The authors are currently working on this important problem as much as analytical identication of parameters of elliptic trajectories. We would like to leave them for future research. The generalization of proposed feedback law to higher dimensional systems with more free joints is not obvious as it is. However, the use of time-periodic inputs and the idea of feedback control with amplitude modulation are worth considered for generalization since they can be developed, as indicated in this paper, with the Poincar e map known as a strong mathematical tool of nonlinear dynamics analysis. iii.
Stopping at the Destination
Although the Poincar e map follows the elliptic trajectory by the feedback law developed in subsection III.ii., it does not guarantee that we can stop at the destination ( _ 2 ; 2 ) = (0; 2d ) that the ellipse passes through. The motion near the destination is enlarged from Eq. (11) and shown in the left gure of Fig.13 . The motion will continue and follow the elliptic path, although in these gures we terminated the computation when the Poincar e map passed the destination. We can stop at the destination only when the Poincar e map very fortunately makes its footprint (a small circle) exactly on the destination. In this subsection, we propose to determine the input-amplitude in the neighborhood of the destination (namely, the input of the last cycle before the destination) so as to make the following footprint on the horizontal axis ( _ 2 = 0) rather than to remain on the ellipse with the feedback law of Eqs. (15) and (16) . Note that this strategy does not guarantee to reach the destination but does to stop the motion in the neighborhood of the destination. The followings describe how to compute the input-amplitude.
Let the state x(s; ") denote x(s; ") = (s; ") 2 (s; ") (17) where s and " are the normalized time and the inputamplitude dened below Eq. (13) . Also let x(s) imply the s-evolution of the same state when " 0, with the same initial condition as that of x(s; "). Namely, x(0; ") = x(0). When " is small, the s-evolution of x(s; ") can be approximated by the Taylor series ex-pansion as follows:
x(s; ") = x(s; 0) + " @x(s; ") @"
) (18) The Poincar e map of x(s; ") is calculated using Eq. (13) In practice, we set constants 2 and " and apply the proposed termination control when ( _ 2 ; 2 ) enters the following region: Fig.12 . Figure 13 compares the simulation results of the strategies proposed in subsection III.ii. (left) and this subsection (right). The right shows that ( _ 2 ; 2 ) terminated near the destination. Note that Eqs. (19) and (20) imply that the change of velocity by " becomes very small in the neighborhood of 2 = 6 N 2 , which is the singularity of the strategy. A stabilization control at 2 = 6 2 proposed by Nakamura and Iwamoto [25] can be used in this case, while 2 = 0 and 6 are saddle points as seen in Fig.8 and can be reached carefully following a stable manifold.
In the control strategy we proposed in subsection III.ii. and this, we determine the amplitude of timeperiodic input at the beginning of every cycle. Therefore, within a cycle, the control is open-loop, although it is closed-loop between cycles. We used an ellipse to model the Poincar e map of Fig.8 . However, the modeling error tends to become large for those passing near 2 = 0; 6. This results in the fact that the actual Poincar e map does not go through the desired position 2d , even though the elliptic trajectory is chosen so and the feedback law of Eqs. (15) and (16) is designed based on the ellipse. In order to compensate this error, we adaptively modify the desired elliptic trajectory in this subsection. Namely, whenever the actual Poincar e map passes the 2 axis (every half rotation of the Poincar e map), we change constant r d in Eq. (16) The control strategy in section ii. makes use of two elliptic families as seen in Fig.8 . The family in the right half plane (0 2 ) has the half plane as the region of attraction and so does the family in the left. Therefore, nothing is promised for an initial state having its destination in the opposite half plane. In this subsection, we show that the global attraction can be guaranteed by a simple modication.
It is important to note on the Poincar e maps above or below the elliptic families in Fig.8 , which are not explicitly shown. The Poincar e maps above the families ow from the left to the right through _ 2 axis, while those below the families ow from the right to left. Therefore, if the initial state is in _ 2 > 0 and 2 < 0, for example, we can determine the input-amplitude such that the initial state ows from the left plane to the right plane. Accordingly, we can include _ 2 > 0 and 2 < 0 in the region of attraction of the elliptic family on the right half plane.
When _ 2 0 and 2 < 0, it is not possible to nd a single constant of that take the initial state to the right half plane. However, we can attain this by switching as follows: First, we apply the feedback control developed in subsection III.ii. The state converges and follows an elliptic trajectory on the left half plane. Then, when the state enters _ 2 > 0 and 2 < 0, we can apply the strategy in the previous paragraph. With this switching, we now have the whole state space as the region of attraction of an ellipse passing 2d in the right half plane. We can use the same strategy to make the elliptic family on the left half plane attractive in the whole space. 
IV. Experiments
We executed experiments to verify the control strategy proposed in section III. Figures 16 and 17 show the structure and the photograph of the 2DOF free-joint manipulator used for the experiments. The both joint axes are vertical. The rst joint is actuated by a DC servo motor, while the second joint is free to move. A low-friction type potentiometer is equipped at the second joint. The dynamic parameters are summarized to the friction, the center point ( _ 2 ; 2 ) = (0; p) becomes a point of attraction. The convergence to elliptic manifold was not as smooth as that of Figs.11 or 14, which is due to the eect of the point attraction. In spite of such diculty, thanks to the feedback control, the state nally terminated near the destinations. Note that though the point of termination shows a small residual velocity in Fig.19 , it actually stopped in the experiment. It can be explained that (1) the residual velocity was damped out by the friction or (2) the residual velocity was due to discretization error in computing velocity from the potentiometer signal. The experimental results clearly show eectiveness of the developed positioning control strategy.
V. Conclusion
We investigated the nonlinear behavior of a planar 2R free-joint manipulator and its positioning control. Choosing a time-periodic input for the rst joint was our fundamental strategy. When the amplitude of periodic input remained small, the Poincar e map of the behavior in the phase space formed an elliptic closed manifold. As the amplitude grew, the Poincar e map showed chaotic behaviors. We proposed a series of positioning control strategy where the amplitude modulation of the error signal was used for feedback control to a desired elliptic manifold. The experiments were carried out to verify the developed positioning control strategy and clearly showed its eectiveness.
The rigorous stability analysis of the feedback control designed from heuristic observations of nonlinear dynamics is an important subject of future research. The generalization to higher dimensional systems with more free-joints also signicantly remains in the future research.
